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NATTONAL ADVISORY COMMITTEE FOR AFRONAUTICS
. | :
TECHNICAL MEMORANDUM NO. 1098
THE OSCILLATING CIRCULAR ATRFOIL ON THE BASIS OF. POTENTTIAL THEORYL

PART I

By Th. Schade .

N

Proceeding from the thesis by W. Kinner the present report treats
the problem of the circular airfoil in uniform airflow executing emall
oscillations, the amplitudes of which correspond to whole functions of
the second degree in x and y. The pressure distribution is secured
by means of Prandtl's acceleration potential., It results in a sgystem
of linear equations the coefficients of which can be calculated exactly
with the aid of exponential functions and Hankel's functions. The
equations necessary are derived in part I; the numerical calculation
follows in part II.

INTRODUCTION

The present study was undertaken in connectlion with Kimmer's thesis
(reference 1). It deals with the corresponding problem of the oscillating
circular airfoil.

The specific gquantity necessary for predicting the forces and moments
of an oscillating and deforming airfoil is the 2z coordinate of the 1lift—
ing surface, z = z(x, y, t). The downwash function W(x, y, t) stands
with 1t in the relationship

) 3
Zaviow
%f ot ox
% .
'y Since all oscillations and deformations of the second degree in x and
{ y are computed, the total downwash functions necessary thereto are
-

represented by ,

Inmyeorie der schwingenden kreisf8rmigen Tragfliche auf potentiala:
theoretischer Grundlage." Iuftfahrtforschung, vol. 17, no. 11-12, Dec.
10, 1940, pp. 387-400, and vol. 19, no. 8, Aug. 20, 1942, pp. 282-291.




W=[A+Bx+Cy+Dx2+Exy +Fy2] s
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whereby the constants A . . . F may assume any complex values.

For sbbreviation of the subsequent formulas the following symboelic

style of writing is introduced

z
/f(z x,le AT
"

1) 2 z
+ 4y A 5
° 5 // dz/dz / dZ o o
= . . o '
o o) : _\Or oy
w oz Z
— 0y s m
+ @ / dz / dz / dz . /
\'@ '._O .\b ?Q)
¥

W
/‘; N r inh ]
= / /) e /(2 x) [w—-2z] y |az
JJJ J Cos :
o7t 5
T
e ¥ wlzcos q e t wizcos a ea)izoos o
+ = 2 R >
(zcos @ + isin a)®  (zcos a - isin a)P (zcos a + isin a)®
+ wizcos o + wizcos o , wizcos o
- =2 I @ >

(zcos a + isin ao)?

(zcos o = isin a)"

(zcos a - isin o)™
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THE VELOCITY POTENTIAL (reference 2) - - .

The flow veloclty of the circular airfoll. is constant . (V), . the ..
x-axis in direction of V polnts rearward, the y—axis in spav dlrecw,vﬂ
tion to the right, the z-axis at right angles upward (fig. 1).

With w denoting the velocity vector, b the acceleratlion vector
and t the time, the relation

is valid.

" Then the introduction of Db = grad ¢ and w = grad ¢ followed by
integration ylelds '

Q = %'y v 99
ot ox

As shown later on, © indicates, up to a certain factor,'thé pres--
sure at the upper and lower surface of the dilek direct; hence ¢ may also
be termed the pressure potential.

Then ifnthe pressure pptehtial m(x, ¥, t) is‘givén, the velocity
potential ¢ can be computed from the above equation: :
g% 780
) n ".»;',;"
(u£~Vg ' ©X ufﬂﬁ K o
° 1 f X - x!
o (x, 5y, 2y t) = ‘“ch (( %% ¥y 2, b = e > dx'
v \
. Y

The integration ls carried out after putting

x' = x -V (t - t?)
wvhere x, y, 0, and t indicate the coordinates of- the starting point.
The pressure potential @ satisfies Laplace's eqnation e

AP =
whence, after putting

o = Cy (x, v, z) £(t):
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v (x, ¥y, z) must satisfy the condition Ay = 0. For the present f(t)
is any time function and C a conmstant. The time function follows from
the required form of downwash. But since this shall be harmonic In 1,
(%) 1teelf must be a harmonic function. Then the vertical component of
the velocity is :

W=

S

The form of the lifting surface follows from

ng.zg-%-vg.z
at
2 = & ;’/}'cw<x' y, O b BTN g + Wy t - 5
V'é A v/ Nl v/

where function ¥ serves to assume any position of the wing leading
edge.

The pressure potential © +to be defined then muast be a discontinu~-

ous function on the circular surface, but a continuous function at all
other points in space.

THE POTENTTIAL FUNCTIONS OF THE FIRST KIND
For the sake of brevity the reader is referred to Kinner's revort

(reference 1)vhere these problems are treated in detail.

Laplace's equation

H

AV =B LTV, TV
ox?  oy®  oz®

Qo

is transformed to elliptic coordinates through the orthogonal trans-
formation
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= /T 0% VL +n2cos
y=~/1T 0% J1+12ein?
2 =”u'ﬂ-

The x, y, z coordinates are mede dimensionless with the base circle
radius c. ' <o TR LT :

With the- apf)ﬁcatl‘on of a separation théorem} the real. potential
functions of the firet kind with discontinuity at the disk then are
according to Kinner (reference 1): :

- 1- ~(n ;'m)! m .o r mog, ..cosm‘z‘fl
v, (e, "],13)=in_m+1 ( +m)'cnPn(u)4;111(131).simﬁJ
n .

n + m being posted odd, Cﬁ denoting a constant factor, ‘and factor
(n - m)! :

( ) merely serving to simplify the calculation.
n+ m)!

DOWNWASH

The downwash is then computed for the poten’cial functions previously
enumerated, result:mg in the following downwash expressions: _

W=1f(x, y) eIVt 4 ei(vJG ~ ax) a(y) | (3.1)

) ' , 4
where f(x, y) 1is a whole rational function, but e wxg(y) is trans—
cendental in the second term.

The downwash functions are so selected and 1ineer3;y superjmposed
that ¢ (X; ¥) exactly represents the required downwash.

The term containing the factor ei(pt»&x) is then inadequate still
for representing the disk motion. Subsequently, it is linearly superposed
with the downwesh functions of the second type, so that this total term
disappears. The solution of this problem is hereinafter termed "com-
pensation calculus," a detailed discussion of which is given in the sec—
tion, Compensation Calculus. It affords the linear equation systems,

the solution of which gives the coefficients for the prediction of the
rressure distribution.
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To compute the downwash, it is necessary to form

Wﬁ ='%:J/q<ﬁ%§>z-ﬁ> o ax

the integration taking place on a streamline.

(3.2)

With. Xo

=% /1 - y® denoting the x coordinate of the disk edge and

. /x2 + y2 + z2 the radius of any sphere about the disk center, the
c

total integration space can be divided in the outer space with r> ¢
and the inner spasce with r < ¢.

It proved advantageous to carry out the integration with respect to
x according to (3.2) separately for the outer and inner space.

Equation (3.2) is written:

1 3 mm " . 7
i <LE:> ax + (?Eﬁ\ I
n V| - Z /y s o z 4 _—
_.m ~

—X0

For the integration over x in the plane of the disk (z
following formulas should be considered:

= 0) +the
1. For the outer space:
<
x> 0 p=0 }fo=l-—'V2
Xz + 12
dx=¢-——£-_(-1-1]——-— cosd = = ———
's/x§+T]2 1+n
du 1 a &
_— = — ..Il:o d—.—=0
dz 7 dz
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" 2, For the inner-space: -

<
x>0
4
dxzx_,_p'._u__.. co8.9
2 2
xo 153
ou on 1
—_= 0 — = —
dz dz R

REPRESENTATION OF FLAPPING MOTION

it

0
%2 ~ p?
1 —u?
QY
—=0
oz

The requisite downwash formula for the flapping motion reads

W=aeht
the pressure potential

0l = ¢ u(1 — 1 are otgn)e

being used for the representation.

Then the downwash follows at

o X o
W [ g
Y Z_5>‘3'§Z
which gives for inmer space -
X
0 Ca ot qpgt
Wi,i = — - =8 dx!
v J 2

(%.1)

(4.2)



8

and withlv t—1) =wlz—2); from e =

x
W(;,‘____ﬁ 1 t(vt—-wx)feicox'dm,

—
ei ri—wx)

W= B L i 2 A 7T i,
The downwash for the outer space is:

51

Wg.a=—17 etV Aty

[+
ei(vi—mx)f(l—-ﬂ arcetgy) —r=——s—d1.
‘ EREH

For the solution of the integral
the following substitution is made, and
this is equally applied on all further
outer space integrals:

=gzl s*—1 Vatgt+nt=ms
dn _ ds

Veb+a Vo—1
In the subsequent calculations the
c
__%_ei( »b-ax)

factor is then omitted,

and indicated by dash over W.
Herewith:

[+

c 1
v follows

W‘l’,a_
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& —oix,s

’,’.T ———ds
- {4,3)

W= f(l-—x.}'s’-—-—larcctgz.}'s’—l)

and, after partial 1ntegration:

@®
ai7 [:c., arcctgz, Y s*—1.¢ wfx.-]_l_

wix.l « RN —wix,
f l.f Zod L ki ds.
}’a’—-l @id gfet1—af Fo—1
whence the downwash of the outer space
W= —gog e "o —ZiHY @ 2+ .

& i
1 Tos e WiXeS ds
i I S S E eSO 4,4
+ iIS 238 1—zf Jo—1 )
—wix.s
where — = H® (g - =J"
ere ) LHE (o - x,) Y T

denotes Hankel's cylind.rica.l function.

The solution of the determinate integral
over s 18 achileved by transformation in
an indeterminate integral over . Putting
Yy =8ina, x5, = cosa, then yields

1

b

xas_e—-—wi:c.l ds lwe—wicosa-s 1 4
it 1—af Yai—1 Z‘S‘ Ysa—1 (s-cosa—}-isina

. . ds_
8:COSx—rsin o,

[o.0)

2

In this case, however, the relations

1 ; % e—-wi(scosa+ialna)
——— —wBina
[e {Sl (s:cosa+isina)}s2—1

—w i(s.co8a—isgina)
d3+emsma5 e ds]-

(s-cosax—isina) ¥ s3—1

g —wi(scosa-tisina)

3 — @1i(8cosa-isina)
LS ¢ ds=—i |2 ds=—T.cvsina g2, 5)
(s-cosa+ isina) }s2—1 Vst—1 2 o
e—ml(scosa-—lSlna) e—an(c co8 a—i sin a) n ; "
—_— ds = —; ds = — = ~wsine g@ (.
5(. cosa—isina) P s—1 lj Vs2—1 2° o (@,

hold true, and with it the above integral becomes:

Joe)

Sa:ys-e"“’ix" ds

s +1—z5 Yo—1

w

(o)
= %e—"’sma [C‘f’ ——-ngf)Z) (@ cosa) - e+"—’5m“dw] +%e+“'sm“ [,C(zl)—f—;f-}!{,” (@ cos«) -e“w'““"d'u‘)] =
0

(]

K}

w
= 2O osine g Lo e+“’5'n“—12'-f11{,2’ (@ - cos ) - Cof [(0 — @) sin o] d @ —
0

= {Q (y) Gin (wsin o) + % Py (y) -€of {wsin &) — %fﬂ{,” (@cosa) - Cof [{w—@)sina)dw, . ... .. (4, 5)
0

the constants of integration C(l) and Cgl) being computed according

to (reference 3):

oRx+y 1
2 -5 (scoso & isina)2 K+ Y1

oBF_ 1 ds
2 (s cos & & isin &) K YsT—]

= (— I)K( Pog F ‘sz)

={—n¥ (sz—li' i%PZK-—l)

o here denotes the real reduced frequency, while & I1n the subse—
quent calculations are integration variables.
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The total downwash-is . , By comparing this result with the
T we—we +Wo o outer space-integral of the flapping
| PR T oscillation, it can also be written in
and herevith ‘ the form
x O Y e PO . &
i =23 +-—1.e‘("—“”')[———iH‘”(m-cosa;+ = _ 3 d 1| zes-e —wixs ds
RV el Ty 2 b= 2130 Mt T ) et 1o TR
+:T: j' HY (@ cos a) - Gof [0 — @) sin ald@ + vhich means: :
wie 237 (Z+2)+
+ Gin(msma) ln—li—-i@-g--}— vV 4 wi | o
1 s« : cl _ 3id [ 7.
i +_2__e‘l(vl mx)[_____(__‘Haz))_*_
J + ..cof(w.smu)] ......... ) v Zdol 2
: 2mwi © )
w1l Xe8
The indeterminate integral over w +(11,‘+§%,1— 3 d )S' ¢ ds ](5,3)

is definitely computable and is given 2w do

g 1 —af Vor—1
later as series in .

The first term gives the requisite

REPRESENTATION OF TORSIONAL OSCILIATION downwash and, in addition, a flapping
ABOUT THE Y-AXIS ’ oscillation, which can be compensated

again by linear superposition with W;°.
4§ (RELAXATION OSCILLATION) Putting for this purpose Ci=wiK}
[t The requisite downwash formula shall read:

end formi 148 poKi_
W=pB-z-e" .. ... .. (6,1) n8 Witz M c? Wk
This furnishes the potential functlon glves the downwash
C} — 1 . 1.
9{:—7'%)' 1—2 | 1+ X Wx=—%%ﬂ""z+% 1(vl—-—wx)[_gniﬂ‘()m(m_xo)_
x(3—i¢l?—~3qarcctgq)cosé-e"'. . (6,2) 3 ‘w_mg)(w%)_ 5\ Zos-e PiTS g -~
E 2 42 2!
vl With the given transformations the 4 (w5 8" 1 —ag) o' —1
" downwash for the inner space problem reads: wizs
e . x 43 ‘S' To 8- e ’ da] C . (5,4)
W%‘=—%33521.eiwx’_ei(vt—mx)dz,= 2" do (3232"*"1_33)}[”_1
. 4 .
—x In thie formula the integrals are
_ 3 .G ( 2 1 ) n . already known from the calculation of
=—ne -3 l— -3
4 Viei ™ ot W1°. (See (4.5).) Moreover, this rep—
+07§_3_n Abt—an) (-—f-"—-I-L)e"“’"'- “resentation is beneficial for the com—
4 io w?

pensation process later on.
and that for the outer space:

'REPRESENTATION OF FLEXURAL OSCILLATIONS

W}.-=—7“7'08‘(3—?4}—,’.—3'lal‘cc‘8'l)¢i”’d’l In the course of the symmetrical

osclillations of the disk the oascilla—
and vith the substitutions given in the tions with perabolic deformation

preceding section: .
W=Dx2lV ang w=F y2eivt, re—

W{,=—-—J‘( 3—3z, " —1 ircctgz, Y 8 —1— spectively, are dealt with. To pro-
vide simpler expressions for the down-—
1 )e_“’”‘" T8, wash calculation, the following linear
afsd 41—z Y£—1 combinations are instead used as basis:
g . —wi Wy =Dy (2t yY -
3 d o * r17 .
"z—.-n.f “-’-V"—“m‘"-"'-*“"y—,.:—"’f. C Weam eyt ] D)
L The individual deformations are
z. g.o—wixe g, obtained by additive superposition.
ge+1—a Joa—1
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The representation of the first requisite downwash under (6.1) pro— =
ceeds from the pressure potential
'P2=‘Cg;5—#.—;§!“'(ig—’ﬂ'+-§—£ig_3—ﬂarcctgﬂ)-ei"

The inner space problem yields the downwash

x
W2‘=—§" % S 2—5(z*+ yY) etV da’ =
— X

C3 [ int 3= 16n 157
=T’-{e" (_4im+8imy"_8iwa ('—‘D'z’—2th+2))_.

pilvt—ox) —iwx,] 3n 16n . 16xn - .
¢ ‘- [ 10l T 8ia¥ " Eies T FHt2iont 2|

and the outer space problem:

w

= 35 2 5443 e~ wil=it
‘“a’...=-*J‘—(—n’+——uarcctgﬂ>-——————————dn=
Jzlzm i Vot
cn3 5 ... 9 xn]’—sz-—l . o e @ixes
=——J.—2—[-§xo (1) + 5 — "5 (6t {s2—1)4-3)arcctgay Vs —1]—},32_1 ds.
1
Then:
o —wiXes 70
2 . —_ —— € aw], —
z2 | (st—1) (1—xo]’s=—1arcctgzn}/sz—l)——-:ds=_( Lot 22.W0,) ... ... (6,2)
is Vst—1 \ do? 0,
That 1s: — _
— 15 [T, — 9 __ 5 ,
w3, = T (_d—m:'-[—:c% Wg',,)—zwg,.,-g-;(—% {HP (o :z:)).
Insertion of the value according to (4.4) for WP,a affords
. ’ Y ;o[ 3, 15 15 [ ,, 2z 2
WO W0 L We — 3 it B9 2 a2
P W W= et SRy ey My M 2]
CY i 1523 15 4 7 .
+7e'( cox){(_1+ 40+wa_z)[_?zﬁ‘()2)(wzo)]+
[+ o]
, 9 1523 15 15 4 |, 15 (xose—'”ix" ds 4
““( 40itTai TTid  Fief do 4iwm)Y Bt 1—a fo—1) - &3

The first part of (6.3) yields the and of Bessel's differential equation
required expression for the downwash of af 1 d .
the bending oscillation, combined with dw: 20 (@ %)+ HE (w-a) = — b n HEY (- 20)

wdw

a torsional and flapping oscillationm, ‘ S (65)
vhich shall now be compensated. changes (6.3) to

20
. By putting co - VV}’= %-%n(z’—f—y’) .\eivl_‘_

3= wi g
0
and forming o . ke +1,st il om) (_:212 o HP (0 20) —
ot 0- 3 ’

wWi—5W}-

z ‘wi= W} -

G E G
the utilization of the relation
[o0]

z3 g‘xns-e_"’”"s ds
wii zist+1l—a5 Y21

5 Tps-g PUTS ds

) @eTim ) oo

;1; 5iga Y+ Formla (6.6) gives the requisite down-
®, 4)'wash and an additive term to be compensated
1 1 & ‘?%s,e—mu,s 4s Jlater. 'The second oscillation given under
~1-(;;—w-i WM PRy (6.1) 1s obtained through the pressure po—
T tential
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and for the outexr space

3
PR Sl e of A QIO (1 5 2 _
oG M B T o N
. : 2 PR N
-——l5narcctgr/)cos20 et L. (6,7) ]4/3’“___;,_5.__(1_*_,72)(15 1.,.,12 B (‘1".,_{-_—,12)‘:""
0 .
The downmh .of" the:- 1nner space then reads. . CUS 2D ..} L
l5narcctgn)——',_2_____——-je dv], L
Wi, = Co —_ 7:(:1:” et da + .
3. ‘ with _ v
_x:v . - cos P = — '/$°+1' -cos219ﬂ 2 (=3 +'72)__..l.
1= [ ”‘»3(—w=z*—2iwx+2)+1;f.wny=]e*‘”+ [E R
c: .
+Gavmen (B Lo (ot —2ion—2—
lblfwny] —iex Lo (6, 8)
. or, aft.er substitution in s: - -
i —wiXe8

z2 5% e—“"’“s 1 —
W%,.. =5 : (15 - loz,,Vsz—larcctgon‘S? 1) & V_z__— —§(1_zg)j(15—1520Vsz—1arcctg:col's’ )7—:0’ -

—mlx.!

1 .
(o)
1 (/. 5 2 . N
_35(&:::34—1—1‘6+($osz+1—x2)2) (F s? 14 =z3) V-s—?f s
With W,, and ite derivetives, the total downwash follows (cf.
(6.2)) at:
Wg:w%,(_l_wg.-
C} 4v, 15 1 2 CEivi—uw 15 15 &
m=Fer Br( Lo 2oy B L) Faeen[CRu—a - 255) (- e )+
[se]
(-—15_1:_5(1—:;3) 15 _d__i__d'__)svxose—‘”"" ds
4i0* 8 owi 4itdo Simdw'l 22t 1—afysr—1

[ o] —-unx.a
1 5 2 .
__5‘(:‘%’. =T Eer %.\’)("” _1+x2)———v - ds]

8
With (6.4) and (6.5) and the relation
-2} 3 s ° — i Xy
.S'zfs'—l-{-z‘g .c—-ix.c de— — i—m—x‘ds——?.—z‘i‘§ , 'xos-e > xs’ ds,
p gt t+1—af Y—1 Yea—1 i ‘”1 (z3st+-1—af) V2 —1
it then affords
B 1N % wa)

C} 15 1 1 2 2 C: iti—
v nc"'(-——z‘—{-z—y'—;'-x—l—i—w.-)—l-—i}e'(‘ wx)[( ‘4 4d4odo 4dot

W=7 15 iw )
© . . © .
15 16 54 18 & 16 @\ eoine s 1 mstoldap ool
+( wi dicr  4ide Ttiatde siw dw’) a1 —aE Y —1 4, (@t +1—2f)? Jeo—1
_ . ... (6,9)
Analogously
z§et—1-4-=3 _c"""‘" P
(et +1—2® Yo—1 :
@ Fanmmpery «© —wi(xea—i [y
____l_ —-wv_l-—-_-:: . c—-wi(x.c-«l—i}'l—x.) dots wv—_‘l—xn . ilxes—i}1—xb) ds]-
=31 J @iV 1= e —1 (@os—iY1—a)? s —1
1
For y=sina; z, =cosx with allowance for )
d ‘—‘ui(a-cooa-{-ulna) d . e—-:o;i(a-cosu—i—.islna)
H5 {s-cosat-isinax)*¥s?—1 - (s-cosx-isina) } st—1

® ~wi@-cosa—isina

i d €
2 ds,
: Ao (c-cosa—isina)'}’a'—l

K3 —wi(l - co8 a-—— i 8in a)
~S(s cosx—isina) fst—1
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it 1s

Bo—14a] eine

(FBe+1—a Vi1

--Ii(c cosa--isina) -mi(a cosa—isina)
-] mwsine C"”— T dsd ) +wsina C(z)_ S dsde ]
[ ' (s-cosatisina) ¥ o*—1 4®)+e : (s-cosax—isina) ¥ s —1 de)

and, by similar considerations

ds =

-3 ®e
zf,l‘—-l-}-xﬁ iz l[ . S‘ S‘ S i(s-cosa--isina) _
. deg=—] g—wsnalc® _ ; 1) .4 — d 3
5(=3c'+1—=a)' e el et )] 7aen |+
XL ~— &{(C08a-8—isSina)
4o gotins {c(zn_.icg).m_S S ——dsdE}J .. (8,10)
Vo—1
*

Constants C)(_z) and C)(_l) are again computed by changing to the
2 2

stationary value w—>0 saccording to (k.6).

These quantitiee posted in (6.10) followed by the integration in the
triple integrals over s, which gives Hankel's function, result in

o —14af e @i%ne
(ot +1—al) Vor—1

ds = —Q, (y) - &of (wsin &) + i—;i P, (y) - Gin {wsin &) —

— i Z @ Py (y) - Cof @sin o) +0-Qo (9) - it (wsing) + 5 [ Ho® (@ cos ) - Gof [0 — ) sin o] 4.

Putting

Ci=iwk?
and compensating the torsional oscillation still existing in (6.9) by form—
ing

Wi=Wito —C: Wi

the downwash formula (6.9) then becomes

= irt , K} iGi—w 5. 15. d 15. a3 | T .
Wi= G — e v men [ Gia— it Do ) - F e a) +

o] . [se] N
5 & d 15 dt TWixes . 3.2, 3 ,—wixe$
+(Z 1°70 1 )f""” ds 1 J‘(%s 1443 e ds] ... (8, 10)

“do "1 dot J w143 fo—1 47 @aF1—af Jo—1

The term still appearing beside the requisite flexural deformation
must be compensated later on. The downwash formulas are all changed to
reduce the paper work to a minimum in the subsequent compensation process.

The pure flexural oscillation im x or y "direction could now

equally be formed. But, since the downwash formula W; is very simple,

while the formula for Wg is much more complicated, it is advisable to

postpone the linear superposition until efter the compensation calculus.

REPRESENTATION OF THE TORSIONAL OSCILLATION ABOUT THE X—AXTS
(ROLL OSCILLATION)

In connection with the oscillations symmetrical with respect to plane
x — z, the unsymmetrical oscillations with respect to this plane with de—
formation of the disk are analyzed.
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- The requisite downwash shall read: :

O W=Ceye T I X VI
The calculation succeeds with th_q_;)reesuro potential o e
b - ’ lh—-é} Yl'—lllvl‘i"'l‘ (3—:¢—;—3r)arcctgn) sin #. et FETR ST (7, 2
The downwash fornmla. of the inner space reads: S
x . B
1 ’ C! o B .
W‘z‘.’s=—-%’—%n§y~e"‘dz’=——(’;,’~-%u-%,W+f’;.,i(rt—ux)_%n,%‘__¢—mx.. ]

- Xo

and that of the outer space

E—p )
1 1) o 2 i(vl—w::) 1 _ 1 _ )Vl—zo iox’ —
ly( ve - 25(3 it wape 3narcetgn) —=—=c¢ dan

1 Vai+ 7
| G ipt-wnl ¥ gy y‘—‘ 1 yreTwins
P— yi—wX) — — ! J— 3_ 1 — - .
=g 25(3 3,1:.}/3 —1 arc ctg z, ¥s*—1 z%.i'-{-l—zﬁ) T ds;
or, with the previously defined abbreviations:
W, — 2 e—@ixes ds
=3y (z3s*+1—23) VS'—‘—I
Bearing in mind that
=] .
'—(l)lx.S —wWi1X8
e Tosce 2 dw +c
a:s’—l—l—-—zo }/sﬂ_]_ zzs’—{-l—a;o Vs*—1
with the constant
[e+]
1 ds 1
C = . _
5$332+1—$(2) VS"—‘]. y Qo(y)r
the total downwash follows at:
W,= W(zl,)i‘{‘ W(zll
1 )
WI‘::_QI’Z__‘:;_”Z;/:' wt+ V 1(vt——mx)[___%niy_H((]2) (@ - 20) —
©
_ 3y ‘S‘ zns-e—"nx" 5‘ .S'Ios e—wix.s ds 1 .
2wi1 x§s2+l—x0 VS’ 23/ dew - sz—(—l-—x% Jo—1 “E‘Qo(y)] - (1,3

It thus affords the regquisite downwash (7.1) and a term to be com—
pensated.

BENDING OSCILLATION
The last oscillation with a disk deformation of the second degree in
x -and y shall be represented by the downwash o
W=E-z-y-¢* . . . . . (8,1)
It is solved with the pressure potential : :

=2 __ 2 —pitu " ( . 5 - 2 s - ) s vt
pi=C——F5 — (X 4+ % (156 TFg T 15 narcctg )sin28-¢ e e .. (8,2)
The downwash formula of the inner space 1is:
' 7 15. .
Wgz)‘=—i’s- ———-—S—uz Y- e"t dz
— X ) N
: > —_2 Y
i e R SR S R

4 and with 3
2ya:§+7;’ }/1—::,2,

sin 26 = — Ty




1k NACA TM.No. 1098
that of the outer space reads:

® T e
W”——l5(15 _z‘,)‘(‘.,_l)— (x%‘,_:l_z%)z —15::,)':’——lbarcctgz.,1'c’—l) y -‘-’"”,—;—:i—ds
=5 wip Ly (Cpeet® | ds 63
_2y-W&o+zyist=’"+l_zs). Joa—1 B T IR (,)
Also applicable is ,
- 2 . .
Zes-a— RiTes ) ds 1 e T @ITes 1 _ 1 )
e fF1—aP Vet —1 4ifl—ziy {o°—1 ((:,s—ivl—-xz Vo (mestif1—an
1 memslna e—mi(acosa—islna) me—-wslna e—mi(nm-+islnu) ]
= 4isina[§y,a__1 (s - cos o — i sin o)? ds— Yea—1 (s cos &« -} ¢ sin «)? s

which, af'ter the usual differentiations and transformations » 8ives

5‘ Tes+ e—wix.a . ds
@iF1—a) Va—1

1

P i —wsina Yo wix, -
= +mﬂna(C'”-—lme-—Y E————____-w‘x_"ds-e'—asm“da)—e sln_( -—lC‘"w-——j‘s‘(e ‘x—-‘-ds-e"'smada)r
4isina P Ve£—1 4isino g5y Vs
where Cél) and Céa) denote the values computed under (4.6).
. 1 1
Hence
& e @iz d 1 n
Zo 8 1€ &8 . . . . .
S( 0:’+l—z§)’ T =zl.si.na(——Ql-Gm(wsma)—{—z—2— P, - Cof (wsin o)
1
+ Q4 @ €of (wsin &) — i 3 P, &in (w sin o) + 5 ffﬂ‘*’ (@ cos a) 6ln[(w-—w)smoc]dw) .. (8,4)
To obtain the requisite downwash put
Cr=wiK;
form . _
t
Wh= W g Wik
and obtain:
_—— o]
L¢: L _ [( 15 , 15 d)( % . ) 5 e ims ds
s__ N3 et s drt—wa) 2402, 2 ) -Zia® _——
W Yy 8 +5 4+ 4wdw 2l ¢ (w2o) 4 x3s2+1—x3 Vs’»—l
o] i (< o] .
15 d ZoseeWiTI gy i Zys-e” WiWE  ds ] 5
+( +4l. dw)5 :c’os'—i-l—zﬁ V-?’—-l + 2 (Igsz_‘_l__z‘g))g V”_l ....... (87 )

the requisite downwash with the term to be compensated

Herewith all the downwash forms stipulated in the introduction are
computed, and proceed to the potential functions of the second type to
be used to effect the compensation of the superfluous terms of the down—
wash function of the first type.

Obviously other higher potential functions of the first type afford
further disk deformations, whereby the downwash functions become continu—
ously more ccmplicated.
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On the other hand the third
POTENTIAL FUNCTIONS OF THE SECOND TYPE Cartesian coordinate x provides a
very simple and comprehensive ex—
pression as real part of a complex
These are obtalned from those of the function
first type by a limiting process. For ”’(1_”.),. 1 ive
this I;urpose the blinear combination N = ‘-Ez _>0S X (z+,y)n+(x ,y),.) (gd:;
vom2phe S OB S k) BB 00 e retation
is formed, where ¢ is the radius of the Cliots ol O ol o
circular surface. The WV, also satisfy 1—pt I

existing between x, y and u.
the potentlal equation.

This differentiation could, of course, The downwash integral glves in
be equally applied to the downwash of the ~the statlonary only functions in y

Il potential functions of the first type for &lone, that 1s, the order of megnitude

obtaining those of the second. But in of the upper limit plays no pert; in
this instance it is found to be simpler this instance u can be disregarded
4 to compute the functions according to with respect to unity.
.+ (9.1) and to define the related down—
wash, because the final formulas follow After this simplification of the
a pattern. Again the pressure potential downwash formula (9.5), the following
Pn=vwn-e"l.const ... .. .. ({),2)81:"1’81-'1%nis made:
) !
is valid, whereby wn is as in the 1/1+” Toosia 1/ 1_{_”:00&'
stationary case, where y = sina
On putting

p(l—y’)% cosnd is ive ive
= sin n . (9, 3) _ 2o (1) = et” + e
(B4 9% (14 997* &n (ucosa - csinx)® ' (wcosa—isina)®’

These potential functions approach the downwash integral changes to

¥n=Cn-

infinity at the entire disk edge as 1/u. . _ Cn (=1 d C galw)
The downwash then follows at "TV 2costx dz |\ Ywr—1° 4%
He
Wn ’%di SV"- (0, ¥,z ) dp . . . (9,4) 8fter which the different:lation with re-
zz—->oo spect to z and z—>0 is readily car-—
ried out. It results in:
Formula (9.3) can then be written a—
C, (—1)m () — B (1
gain in the cwrdinétee M, ¥, z whereby Wo= 2. 2005.)“[ (z l(’l;)’ I3 ()du_g” (1) + £ ()
cosnd gt be developed in a series of { ... (9,6
sinnd

Here z, () =0, for n > 0.

:'z:g Formula (9.3) gives with cosnd With»(t—¢) = o (z—2') and

the symmetrical, and with sinn¢d the un— Bn(ud = i 100 g ()

symmetrical, potential functions. For  the downwash formula (9.6) becomes
symmetrical functions the development -

then would give W,.—% 2‘;:,)" eltrt- ”"’[Si’—"-"il——"‘—ﬂ du— g,.(l)—i-g,.(oo)]
{3 w1 P
Yn (1, y,2)=Can OT’“TE;?)'" {[(l —pd) () —utytl T — 1 . (9,7)

n w—1 Partial integration affords
—(G)er i —m e+ —w ) T

«© [+2]
"— ) gn (u) —
L Y 5,:—,;.:?““ [ o) =y ]+
' As this expression indicates, the ' o
prediction of the downwash would neces— ) ' ' + S' dgn(u) __u 4.
sitate integration over the surface else ; du  Yur—1
1 b g th to

t:e total expression for the operator Whence (9.7) b°_°°",'!9’i
—_ becomes indeterminate. This 1 (_'_1)” 5 d; “") u
4z o0 W =5 o (S‘du .Vu'-——ldu—

would lead to serious integration dif-— 1
ficulties in the nonstationary. _[(g ) —eg

o]
u
,—_l] — 60 0+ (1)
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o{ucosa
u- e .__du - 1 (‘211}1(1) +
coso \2 °

. - % ucoss —isina b —1
Wo= Lo dot—on | 1.)" S'dgn. = du (9,8) AR
V 2cos*a ) du .)’u —1 isine eriucosa - du
L n=0. cosa ) ucosa—isina Yur—1
With d K eiwucosa' 4 u-d"l’t .
8 _ 9iwcosaetivucosa R( — ) » =
du (ucosax-isina)?/ Yur—1
y=sino &' =u-coso 1) (1) RT3 (2
B 1 6V4g@ . G — g
the downwash reads = Cosa ! 2 - 2::‘4 : 2 A
oo O c“"""“’Fiwcosa-c—""“"““-u du ©.9) The general calculation of the func—
= —" r— * N : :
V. costax J Tur—1 tions Gin) and (™) is carried out by
and with Hankel's function 2 :
Jwucosa o the method employed in the preceding chap—
To=T “—-i‘ {Hy" (@ cos o) ters and therefore not discussed in detail.
. It results in:
.9) becomes
(09 e G = waina (o i { Gyt o—ine gz5) |
W, =7°'_c3§'7_'wﬁ(?i1{‘(’n (w-cosos)). {9, 10) ) o ©,13)
Because Gy = ¢—wsina (Cg”—l—iSG;"_” et @sina i)
LB o) = — B (o o
the downwash formula finally reads where G ° denotes Hankel's function
f(rt—wx)
W°="_%"EE§¢—' ‘3 imcosax- HY (w- cosa). (9,11) Engl). In this manner the individual

2. n=1

With the abbreviating style of writing

’iquOla

e(wucqua

2

G functions can be successively built
up with Hankel's function and solved.

& (v) = {u cos o -} i sin &)™

(u cos o — i sin &)™ =

. e %X i cos
isinx g ucosa . du
cosx ) ucocoa--ising Yur—1

The constants Cfn) are defined

=2-R(———-ﬂ:7—”) according to formula (4.6).
(u cos & -} i sin &) ( 8) That means:
the downwash reads accordi to .C)e
. ng 9 G{zh‘l‘l) _ e:};wslna(__ l)k [_,’21 sz:F i02h+
1 & wucosa u 2 v
W, = R( T ) du— . ]
o8 o (weosa-isina)t/ Fut—1 +zw(Q2h_1;{:z-2—P“_l)—
3 F4 .
_ i mR( etoucosa , ) ¥ gu (9,12) -——;—lw’(?}’zh-—zq: leh—Z)_
cosa ucos o isina /o f ut—1 ; .
_ﬂw (Q2k—3:§:l_§P2h—-3) ......
and with
G(_ © e{wucona ' du_ i l)k 21!+1J-‘J1 I LHu) —Q—wsinad_]
(ucosoc—{—isina)" Yur—1 0 ——— &
¢ ‘ 2k41
. ¢ gloucosa du Gizk) eEosne 1)k [sz——li" Pop_,y
2 = e —
S(ucosa—zalntx)“ 'Iu’ 1 —tw(%sz—-sz leh 2)_'
the integral can be expressed with
- (4 XD ———w (sz-—ii:h" 2h—8)+ ...... -+
u-Pivcosa L gu 1 (EiH‘l) —_
ucosa+isina Yul—1 cosa \2 ° 1)k 2hJ"J‘ Jﬁ‘Hm :meadw] (9, 14)
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The rest of the downwash formulas are built up with:

( riucosa ) udu _ 1 .Gcl-—l)_l'_d;ﬂ) .sina G —GP
(ucosa+um¢x)u Vul._l c0% & Ttema E (9,15)

" Whence the downwash (9. 12) can be expxeseed. as
Wx-w., [ 3 Por8of(0-y)—iQs- Sin(wll)-*-tsfilﬂf,”%f[(w—w) vdz+

+isina {+iF P60 (@) + Q- Sin @y —in(F P,ein (wy)—io.sﬁot(mv))—i‘aff%'ifi&" Sin [0 —a) 414w} | —
. . -

—mi—:“[;i%"—isina‘{;; Py Gin (o y) — i Qu Gof (mg)+za]‘§im,n &in [(m—m)-ﬂw}]

Now the relation (reference 3)

; : —1) e N e I (9,18)
‘ exists between the spherical func'bions P, which also holds for Q-
Herewith the above downwash formula becomes:

W= TRt —i 2% einwy + L {j’~»H“’@oi[(m—w)y1dm—

—~i-y6”'% (HY Gin[(0—2) y]dB—iw G i HP +Poy [ FiHY 6inf0—a) yldiﬂ}
0
Further tra.nsformation by writing
J'J'Hm Gin {{o— @) y]dw—mj'fzm @m[(m—w)y]dw—wam Gin [(0 — @) ] d @ =

O«

= +wj'Ha“ Sin [(0—w) y] dw+ —“’—-Hz,"——‘y—&f(ﬂ‘&’ +o 7o HY ) 6o [fo—3) 1 43,

the application of the relation _H(l) —cosa H 1(1) before (9.11)
affords the final formuls dw

Cr itri—wxy (% AP d . N L DU _
W, = Vlci(" ”")(2 ‘@Df(w!l)——-; d?; - Gin (wy)+c_os_;f?'wH(ll) (w-cosa)ﬁ.of-[(w—w)y]dﬁ) ... (9,17)
[1] 4

3. n=2.
The downwash reads:

; °
w,=5 e“"“"”"’s des(u) __¥

V ' costa du '}'u’-—-l'.iu .............. . (9,18)
with ’ -
.;‘5'_(")—_3( 2co5a-e'°’"°°"‘) (iwcosae“"“c““
du (u cos &« -~ i sin )3 {ucosaF-isina)? )

W, = —;;,f. [~@ssi @y —ig P-Ginfwy) + i0{ 5 PoSil (0 y) — i Qs Gin @ y)}+

N I A

+ itf_f;m{,v Cof [(0—) y] d @ + fsina{ﬁ P, Gin (wy) — iQyCof (wy) +
»

+uu(<;1 Sin (wy) +i 5 PGl (01)) — 5 o?(5 'p.sin(wg)—io.csof'(wy))-—

—"ﬂf" B Sinllo—3) 9} 45|+ 2 [ 3 Puoi 0 9) — 10 Gin lws) +

+zf?xH§,“(§oi[(w—-—m) yld @ -} isin a{QIGm (wy)—l—i%P‘Eufmy——
0
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According to (9.14) and (9.15) the downwash '(9.18) then reads:’

—;w( P.,@m(wy)—zo.,@of(wy))—ﬂﬂ'lxﬂm em[(w—w)y]dw}]

The existing multiple integrals are reformed by repeated pa.rtial inte—
gration as follows:

Gof [w—) 5] 1 s Ol [l0—@) 9]
ff.f HY in fw—3) 5 27 | —l)l:,r(w G gin flo—a) 9] °2
0 *x

n . -
Conformably to (9.15) this can be consolidated in the downwash func—
tion Wn in the following manner:

—(;ii)—!f(w—ﬁ)"“—giHé”GDF [ —@) 3] dw—(T'_ﬁ_’z—)lzf(w~a)ﬂ-'§fHa“w [0 —) y]1d -+

w @

+ "yf(w—m)nimm Gin [(0 —3) y] d B — (__IW (o — @)~ 1——:H‘”Gm[(w—w)y]dw—.

Tl 1)1 d
1]
if the last two integrals on the left-hand side are combined and trans—
formed through partial integration, by putting

&in [0 — @) yl 4 = _Tld@os (@ — ) 3]

Further allowance for (9.16) and for the fact that

_a_ H{Y = —cosa HY
dw
affords collectively
W= %’ it [':Q' —w( % Gin (wy) +i i dP‘ - Cof (w y)) -+
+ sosa f {o—a)@ ? L HY (@ cos «) Cof [(w~— @) y] da] ................ (9, 20)
0

The general construction of the n™® downwash formula is readily
apparent from the foregoing.

It 1s
+(nl:—;)l(72' fzilg Tl y)_‘d(h gi“(‘"”))"""_ 2)1(‘10’@”"( ) wn
(,.li.;)l(;‘ tfi;’;@: f(wy)—*do' @m(wy)) wh—3 (n___;‘)!(do.@”f(w )—{—z ) ot . ]

. (9, 21)

These symmetrical downwash functions of the second type, which are
even in y, are sultable for the compensation of the terms in the sym—
metrical downwash functions of the first type (4.7), (5.4), (6.6), and

(6.11) which carry the factor ei(ut_mx) and are for that reason unsult-—
able for the representation of the airfoil motion.

For the compensation of the corresponding terms of the unsymmetrical
downwash functions of the second type (7.3), (8.5) the unsymmetrical down-—

wash functions of the second type which are odd in y are derived similarly.

The potential unsymmetrical to the x — z plane reads

J' _@jn— l( a3 ‘fon,l’)@nf[(w—a)y]da, e .. (8,19)
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- 1 — usl)nis . i
= O et i n 0™ L 9. 22)

~ For computing the dovnwash.the similar complex style of writing is
resorted to

— i) (— A—py  (—pyn) 7Y
7 = =, +o2.‘.((.1:'-{-;'3,)» ) o e

Application of the same transformations used in the prediction of
the symmetrical downwash function, and putting

iwoucosa 1 1 ) 21( elwucosa
n) = 2 ((“ cosa+fisina)®  (a-cosa—isina)®/ " \(u-cosat-isina)*)’

yilelds the corresponding downwash integral at

t(vt-—wx)
=G met S"""‘“’ L (9, 23)
1

S cost o du }Iu’——l ...........

The subsequent calculation of the integrals proceeds in the same
manner as for the symmetrical downwash functions. The general term for
the unsymmetrical downwash functions then reads:

Wa=Sp d0t=0m g [(‘;:; J'(“’(:_Ei')'l—lm—z’imgn@in [ —®) yld> + ©.24)
+(—n—:i_"T)lw" (g ddPIGSm(w y)—i Q‘Gof(wy))-—(—iz‘—_%)lw ( Q’@m(w -y)+i 2 ’@Zof(wy))—
in—3

— e '(ndl;’@m(w y)—i 2% Q"Eo[(wy))—l—( o w""‘( 1 Gin (w- y)—{—z——-——@oi(my))—{— .

It is readily seen thet this method allows a continuous and lucid
presentation of the downwash functions of the second type, and further—
more, that with w—>0 +the same stationary values of the downwash
functions are obtained as in the cited report by Kinner.

THE FLOW-OFF CONDITION (cf. reference 1)

The condition for smooth flow—off from the trailing edge implies
the disappearasnce of the values of the potential functions for

u=0 n=0 ——?<¢<+2

This condition is satisfied for every potential function of the
first type, because they disappear on the entire disk edge. For those

of the second type it had been stated previously that their values ap—
proached infinity as 1/u.

For the linear superposition of the compensation process an infinite
sum of potential functions of the second type is formed. Since this sum
must approach zero at the trailing edge, the conditional equation 1is:
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o« co
E Cok cos2k® + 2 Cortrcos(ZA+1)o =0 (19,1)
k=0 A=o
To evaluate this relation analytically, multiply (10,1) by
cos(2M+ 1)@, and integrate over @ from O +to g.
Then
oo k
L A+1 . (-1)" ¢
Cantr = — (1) (2r+ 1) Z ‘ % (10,2)
T (2r +1)% -(2Kk)2

For unsymmetrlcal potential functions of the second type the condition
of smooth flow-off reads:

Coksin 2 ko + a+18in (21 + 1) =0 (10,3)

T~

igo 0
Multiplication of (10,3) by sin2 K9 followed by integration gives

p —
_ = (1) Car+a
o = - % (-1 2k )
" i—~ (2n +1)% — (2k)2
=0

COMPENSATION CALCULUS

- The general expression for the downwash function of the first type
is according to (3,1):

W=t (x,y) eV 4 o1 (vtux) g(y) (11,1)

vhere f£(x, y) et exactly represents the requisite downwash. The
dovnwash functions of the second type are represented by

Wy, = Coh (y) o1 (Ut-wx) (11,2)
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Equations (11,1) and (11,2) are linearly superposed, so that the follow—
ing is complied with - SR e o

T oo

gly) + 5 Cphy(y) =0 (11,3)

[

nwo

vhereby g(y) and h (y) both must either be symmetrical or unsymmetrical
downwash functions, respectively, the hn(y) are genmerally read from (9,2)
and (9,24)., The odd Cp {n = 2\ + 1) end even C, (n = 2k), respectively,
follow from the flow-off condition treated in the preceding section. For
the stationary case (w-—» 0) +the orthogonal characteristics of the
spherical functions is employed in the analytical problem, resulting in
infinitely many equations for infinitely many unknowns C, (reference 1).

In the nonstationary (® # 0), no orthogonal functions to hu(y)
are known.

In view of the repeated occurrence of the terms in cos™%w in (9,21)
and (9,24) the orthogonality of the trigonometric functions is employed.

The problem could be solved for symmetrical g(y) and hn(y) (31,3)
by multiplying with cos 2ka and integrating from -!2‘. to + g.

But don has the general form
ay

l+y

dQn _ a1 (y) +1,() In
dy 1 - yg° 1-y

where a;(y), and by(y) are polynomials in y. Since the denominator
(1 - y®) would impede the integration over a, multiply (11,3) by

cos2q X cos 2ka and then integrate. It affords infinitely meny inho—
mogeneous linear equations for the still unknown Cgzk.

The unsymmetrical downwash functions of the first and second type
are largely provided with the factor y = sina ©dut, for the rest, even
egain in y. So in order to enable the use of the integrations over a,

multiply in this case (11,3) by COS%A o5 2ka and integrate over o - from
sin o A -

L]

X to+ T
2 2
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- The rggult is again an infinite number of equations for the still
unknowns Col41e .

The constants C, and Eﬁ, respectively, are, then, functionas of
® only.

PRESSURE DISTRIBUTION, ;I};T, ATD MOMENTS
From the relation
b+ g-gréd p=0 . ‘(12,1)
imposed by Euler's equation,and b = grad ¢ follows the equation

PP =Dy —7P (12,2)

where ©po is the static pressure at infinity. With it the resultant
pressure per unit of surface in a point at the airfoil for short pres—
sure Jump, is: .

IT (x, 7, 8) Epy —pgy =0 (@ — Py) (12,3)

whére 1 = 0 in the potential functions. Since the values of the po-—
tential functions on the upper and lower surface are inversely equal,
equation (12,3) can be written

II (X, Y t) =Py —Pop = QD(Po'b (12),4)

Hence, with the values of the coefficients of the potential function
defined by compensation calculus, the pressure distribution can be solved
with (12,4) as it will be achieved numerically in part II.

The 1lift follows at

A;//)II Fd | (12,5)
gy,

with the surface Integral extending over the disk of radius c.
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With 2
: : AdF = ¢~ pdpud e
(12,5) becomes

277

. 1 ) .
A= Qa‘/‘ f II udpdo (12,6)

PEO  W=0
Bearing in mind the relation
2Tt 27
fcoan)d.q):o fsinnq>dcp=0 n=1, 2,3 ...
J J

it is evident that

ivt

Ao =bxpc® Coe (12,7)

m
while for all other ¢, and ¢, the 1ift disappears, so that the

calculation of the total 1ift becomes very simple. Thus the total 1ift
will scarcely depend upon the convergence of the Cn coefficients,

This does not hold true for the pressure distribution.

The pitching moment of the 1ift forces about the y—axis reads:

am 1 3 |
M =ﬂII'xdF =c°® f fIIp.,./l —~ p® cospande  (12,8)
S . R

P=0 p=0

With the relations given in the 1lift calculation, it affords in
thls instance ’

ME: = L3 npc?® b elvt M = ud npc® ¢y elVt (12,9)
15 3 . ‘

m
while the moment for all other potentlal functions @, and @, vanishes,

Naturally, this applies only to symmetrical potential functions. If
they are unsymmetrical to the x, y-plane, the formulas (12,9) indicate
the amount of the rolling moments, in which case the corresponding C -of
the unsymmetrical potential functions must be inserted.
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PART II

By K. Krienes and Th. Schade

This part deals with the aerodynemic coefficients for downwash dis—
tributions which are arbitrary functions of the second degree, that is,
in the range of the reduced frequencies w =0 +to 2.0. The pressure dis—
tribution is secured also 1in several cases. The numerical results are
11lustrated by graphical representation. .

~ INTRODUCTION

As already explained in part I, the pressure or acceleration poten—
tial is put down as sum of potential functions of the first and second
type. The functions of the first type are obtained by a separation theo—
rem from Laplace's differential equation Ap = 0 after introduction of
elliptic coordinates

— m)! . .
o (s, m, 0)=‘.,.—_l,,;;;~((:+—:;l.c:'1';r (y)Q,':'(m)-:;;s:z FT .. (L1)
The potential functions of the second type are obtained by differentiations
of ¢g+1 with respect to the base circle radius c¢ for constants x, v,
and z. :
L
fn==Cp — P L= ng?::ze"" ................. (1,2)
W) (1)
The downwash velocities induced by thesé potential functione at the 1ift—
ing surface — termed downwash for short — have been calculated in part I
and are briefly restated here.
The potential B 2 O (1.9)
o]
— wixes
w1 i, 1 jpt—wnn Tos-€ ds 1 ...... .
yields ' Wi=—5 ¢ ’+7e 2% [2 o HY (w_xo)+§za-,=+1—x§v s’—I] (L, 4)
“
¢g=iw¢§+%tp‘l’ ..... e e e e N {1, 8)
yields
i } iri—o: 3 3 d\ =x .
Wk=—?—4—n—-:;$'¢1’t+7"ei( t x’[(—‘é-—‘?wa-;)-—z—lH&m(wzo)_i'
[e2]
i d\( zos- @it ds . . . . (1, 6)
+-§-"(w—-3d—w)1 x%s’—l—l—z% VO’—-I] ............. .. (
7

; . 3.
Peiold—bd— o
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yields
=1 iy 1 gpicen[ 5 & zee-e" 2000 ds ]
W}" 8 V! "'H')‘ +v et :[ 2 2‘””3”(‘“‘") Sz‘.-+1—-z3 1".- ] .8).

(The term to be compensated (cf. Compensation Calculation) is s up to the
factor — %, the same as for the downwash function Wy (1)

w}=iw¢§+%¢} ...... e e e e e e . s . . 4{1,9)
yields '

15 d 1

Wi= o —a 4 '““—")[(5 ot g iggtgin dm')(z 'Hm("”")
5 15 4 z.: eins g4,
+(T+4. ‘”aw 4 dot| )RS F1I—2 Vo1

2plt—14a2] =iz
‘w zz‘j_*_l__zg). - "._l d‘] ---------------- (1.10)
of the potential functions antisymmetrical in y
yields B (1,12)
W‘=—§—:-"—:—,—'y¢"'+iel("—~x)[—:—yﬂlﬁ%”&’)(m*o)
-3 e WiB ds oy e ins .“'].........»....1,1:)
fzzo'+1—r‘ i “"pr3»+1—=& 7o—1 (
and
R ioT g B o e oo e .. (1,18)
W==_y;_n%z_y..t-:+_:’_,:(-z—m=);y.[%_{_ X ,pde _,Hm(,,,'))
(-] ©
5 e—wixs . ds 5. P15 d To8* c—"“‘" ds
"ISzac-+1—z% r=ad vl ey aw), Aeti—a Ta—1
yields = . ’ _
io ( zes sTwims L S, . (114
+z§(3,‘,+1_¢)’ v.‘_l] ............. (.14
Hereby
T kel —io' (3) €in (@ y) + = Py (4) of (0 3)
zzc'+1—z’ y * 2
-——J'm)(—s.)cof[(m-—)y]aw ......... e . (L18)

=]

5,:.:—14-4 «—‘""" .=—Q1(y)'¢of(wy)-{-%ipx(y)si“(wﬂ

= R o
—%im Py (1) €of (0 y) + 0 Qs () Gin(wy)+-;5if(¢—w)ll§”Wa)‘vi[(w—iﬂ)vlﬂii- ... (L16)
. _ S

I
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o wine Zes-e~@ine g4 1
: pe JCNY e iy y,._ 5"“ 2at1—a To— +—Q.(y) ........... 1,17)
o]
Tys- o~ %iB0  de
B F1—aP Je—1 z‘y( Q1 (y) Sin (0 y)

+5 i Py y) €of (0 3) + Qo () @80] (@ y) — 5 i Po [3) @ Gin (0 y)

+3ifl0—2) B @ 2) Sinl0—) y]dm). ..
[

The symmetric downwash functions of the second type read:

m—D1

=L i(ri—ox) [ (0)'—.—)" t =% . )
w. v‘ (— Pt x'af——wztll(

___(;"_’;”m---(w' Eof (o )+——;" 'em(wy))

n3 . n d P,
— e (F GGl lon —

the antisymmetrical

T 1

_1 ! flo—a)?
Wa= v

eiri—wx) 1 ,.[i’”'
( ) Zo b {n —1)!

+ e (5 Gy o9 —i G2 6 (@)

_n n—z(dQ3
(n—2)!

n—t

os[n dP
T Y ’(2 ;

COMPENSATION CATCULATTION

The downwash functions of the first
type can be generally written in the form

Wo=fo (z,9) &7 + g, (y, @) £ ¥1— D .
where fg(x, y) 18 a polynomial in x
and y, while g,(y, ®) contains tran-

scendental functions. This second term
is "compensated" with the downwash func—
tions of the second type, which are of
the form

.21

Wa=hy(y,0) S Ct—e® 2, 2)
The condition reads
[o0]
W"+20Xum Wa=1f,(z, y) € it (2, 3)
n=

i W)+--]:

Gin (0 y)+—"-iﬂ@of(wy))

..................... (1,18)

P (@ ) o [0 — @) y]d T
................. (1,19)

@5 i Y (@ =) Gin [0 — @) y] 45
Gin (@ y) — i Q’ &of (w y)) +. ] ................ . (1,20)

that is,

~— g [y, 0) = 21{ nhaly,®) .

n=0

To arrive at a numerical result for
the coefficients K, n, the infinite

series is broken off with n = 4, Fur—
thermore, equation (2.%4) is multiplied

by cos®a cos2kada (k = 0, 1, 2) in the
case of the symmetric downwash functions
and in the antisymmetric case by

cos2a,

. (2,4)

cos2kada (k = 0.1) and then inte—

gina

grated from 0 to X,
2

first equation system for the K,, n’

This affords a

A
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E
.I.?na (w, sin «) cos?x cos 2kad o -

0 o -

= Ko, n [T ha(0,8ina) costacos2kada
n 0 . k=0;132. . ..(2,8)
in the antisymmetric case:

E

g

0

" and

cos? x
——co82kada
SN &«

&o

L.
2

—_ - 3
= M ksae—. hy (w, 8in &) 08 X os2kadn
- s sin o

k=0;1...(286)

THE FLOW—OFF CONDITION

the coefficients K

o,n
of the potential functions of the second
type must be chosen so that the 1ift den—
sity at the trailing edge of the 1lifting

Moreover,

surface disappears (cf. part I). The con—
dition to be complied with is
_4 i+ Sv_(=1* K
NM»..TH..I SA : Awhl_l: “oﬁ»+“—vn|lﬂw5u. Auw.“_.v

for the symmetrical case and

4 2 A|,:» N»»...n
— 1)k2k
(—1) Mu“c

.N.nln k x

gifm—pgwr &%

for the antisymmetrical functions.

Because only the potential functions
of the second type wup to n =4 are con-—
gidered, the infinite sums appearing in
(3.1) and (3.2) should be broken off at
the respective terms.

SOLUTION OF THE EQUATION SYSTEMS

If the coefflcients w..q 1 and K

’ 0,3
in equation (2.5) by means of (3.1) are
expressed by K K and K

0,0 0,2 C,4°
that is, ’ ’ ’
4 1 )
n,.._ulﬂ?slwﬁ.nlﬂmi W)
. #-
121 1 1
K, 3= ﬂpﬂhsollmnksnlm.hs.

27

while putting - ..

.,.MF.Ae.u?&nou.aoonp;a&aﬂr!n
cH e Co G e (4, 9)
Mmmaﬁs.m?&o.owuaaonmaamaﬂneu
& L ,
equation (2.5) ylelds

K, o Myt Ky o Myp+.Ky o My x=—80,x

k=0;1;2, .. . 493)
with
; 4 4
h&o.r"\-c.rll”f.rltlmw?r
— 4 . 12 .
Mon=—grhiathoa—3 bengp - - 44

4 12,
Myx =157 =77 b, nthen

The three complex equations (4.3)
for the complex unknowns K K _,
0,0 0,2

and Nq . &re divided in a real and an
»
imaginary part, which yield the following

six equations, written for brevity in ma-—
“trix form:

ﬁ.ual;&.ﬁﬂl.nw @5
with BU A Hmbf T ,
0.0 M3,0 My Mo Mo M o
U= My, 21 gn.n B= b&m.a g.u.p M, 4.6)
My, M3, My, My, My, My,
Ko Koo 5,0 85,0
r=K_ | ¥=|K | e=[8 1} d=|s.
K. K, £5,2 5,2
R %))

With the aid of the inverse matrices A~}
and B, equation (4.5) yields
N-tr=— (B AD)

where

N-B=—%B1b4%1c 4,8)
N=9"1.9+A"1.9 .
The solutions of (4.5) then follow from
= —1U-1 (81 ¢} U-1)

und =1-t (A~1¢—B-1b)
e v .. (410)

The calculations for the antisymmetrical

motions are simpler, because the potential
function @, does not exist, and so one com—
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plex unknown is eliminated. Accordingly, e—
quation (2.6) needs to be taken only for
k=20; 1.

Again putting according to equation (3.2), equation:
(2.6) becomes

T
.. 2
J'z &5 (w, sin &) c;:i: cos2kada =E,'h;
° @10 Ko 1 Myt Ky 3 My =8, k=0;1 (4,13)

n

Ed s _
fz By (@, sin o) c;;s X cos2hkada=hpz

: n o with
and _ _ _ — < 8 - 18 -
Ka.2=%(—%_ Ka,l—% Ka,3) Mllh=hl'k——3_;l_h2'h+ 5= h4'k @ 14
C 412 8 16 R
= 16 1 = 1 — M P B e Tt
Ka,4=—_; —'E_Kn,1+_'7_Ka,3) Ma'h— bn h2'h+h3'h Tn h"h

The solution of equation (4.13) follows the same procedure as for the
symmetricel case, except that all matrices are now of two rows.

The next problem is to determine the functiomns 8qg,k? hn,kr and so

forth, ((4.2), (4.11)). To this end the downwash functions enumerated ear—
lier are developed 1in series of w, the coefficients being indicated as
trigonometric series in a.

The integration according to (#.2) and (4.11), yields complex series
in o for 85 i and hn X? the values between w = 0 and ® = 2 being
’ $

computed in stages of 0.2, Then the real and the imaginary part of the
equation coefficient M, ) cen be determined with the aid of (4.%) and

(4.14), respectively. Since the solution of the coefficients of the
series 8s,k and hn,k involves considereble paper work, it is well to

know that the calculation of the integrals for the antisymmetrical func—
tions is rendered substantially easier if the following relatione are
taken into consideration (cf. Introduction):

[

cos®a 4 Plo—a)" _ gy . e —
sina_'coszkadwo =D w—-szl (@ cos o) Gin [(w — @) sinx]d@
cos? o — o _m . _ : N —
=—-s—i?l—a—c052kaf£?(;—_—_,2)l—w?;ﬂ(ll) (@ cos &) Gin [{(w —B)sina]ld @
o
o 1
c —_— it .
+cos?acos2ka -(g’(n—_'f,)i)_rw%ili‘l”(ECOSa)(Soi[(w——E)sina]dw ........ 4,15
and 0
2
O cos2ka 2% [F () @in (wsin a)] = cos* a cos 2k F (y) Cof (wsina) . . . . . . . . . 4, 16)

In other words, the integrals of the antisymmetrical functions can be pre—
dicted from the symmetrical functions by integrations wlth respect to .
In the present report the relations (4.15) and (4.16) were used as check
for the independently calculated symmetrical and antisymmetrical integrals.
The results of the solution are tabulated and plotted.
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DETERMINATION OF THE AIR FORCES ACTING

" ON THE OSCILI.ATING 'AIRFOIL o

If the coefficients Kg,n derived in

the foregoing section are entered in equa-
tion (2.3), it results in

4
"’n+z Kn-n"’n"‘fc(z,y)e“l ..

n=0

. (5.1)

The simple periodic motions of the circular
airfoil given,say, in the form of
=g Tyt L L (5,2)

can be computed then by linear combination
of the fq4(x, ¥).

The downwash is:
——— ig_"-)_ =V|iwzlzy +9ﬁ0‘:";—'”’—) 471 (5.3)
For the given flapping motion

A vy,
[

for example,

3, =
that 18, W,=V—%'iwe("

and by consideration of (1.k) and (5.1)

it is:
w,=—2v Lo (a

~——1V‘ -—zw[W.+ Z\Ku nwn]

Correspondingly, the respective pressure
potential is

2 . A 5
Pa= "y V"';‘ia’[?a'*"z Kt-n%l]
A 2 [a,.,, _,,,,2 KH%]

The pressure jump, that is, the 1ift den—

sity at the surface.is then given by
II(z,y,t) =20 Pows '

which in this instance means

H(z,y,t)=—e—V' A .5 [w’}!l—-

r"cosnO] vt

—szK.,. vl

29

Since only q')l and ¢ contribute to the
total 1ift (cf. part I), the 1lift during
the flapping motion is:. . ..

. - | .A irt .
A=ﬂeV’c’-;[?w'-{-wl{.,o-—‘sz.,o}-Tﬁ"

The total moment, referred to the y-axis ie
given by t'p]gf and @3¢

M=n=ng V’c’-38;[wKﬁ,l;in:,l]-—g—c"‘-
In the tables and curves the values of the

dimensionless coefficients kA and m,

are given conformebly to Kissner's definition:

A=nmoVic k, -—‘:—el"'|

M=ne V‘c"-m‘--%e"‘.
The calculations for the relaxation oscillation
are as follows:
irt

Z——B.ZG
2 c

whence, according to (5.3)

W,=—£~V-(imz+l)ei"
=B-Viia- —(W,,+2 K,,,,W,‘)
n=0

2
+B-7.2 (W, +'§0K.... W,.)-
0
'Z— P1,
the related pressure potential reads

With @ = lapd + and g = 1093
'Pp—F |4 [2lw'h-"§-w'%
2
Kl.n =i K.u nis
+g__70( +3ioKun)va)

from which pressure distridbution, 1lift,
and so forth, can be obtained again:

—2 mKﬁ °
+.( W+Kf,o+'3"tho)] ot

8
M=ngV’c’-ﬂ[lﬂ'1 3wK.,

A=ngV‘c’-%[ K. o

2 2
15 @

+i(x:,1,+-:,7m x;,l)]- B¢t

The prediction of the flexural oscil—
lations and of the airfoil motions anti-
symetrical in y <follows the seme pro—
cedure.
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=D g _D ; ive. 4
R 2 S AT TR remCot [0t —io 3 Buuml].
. n=1

w=l.pdrt w=Eyiapdn E . 4 o 2
Z, ¢ ¢E=T'V’,'ﬂ[—2lw9’§+'g‘w"7§
zc=—c..y.¢‘ﬂ W¢_-=g-Viwye‘"; A .
- S
‘E . - 2 (Knm ++ ”"Kn,-) ‘PnJ'
p=rz-y-e Wz=§""(lwx-y+y)e"‘. n=1 5

The respective pressure potentials are:

$p =

D
¢

8

3,3 , w*’ w*
LA v (—§+2—0“”}9’?—2 iogl— G598+ 59

+ 32 [~ Kot I Kb — 2 0],

Py =

4
=0
F 4 3

?'V"m[—w"l’g""—z’w’ﬂ'—-ﬂm'?’%

4
tio 3 (Kb, +2 K, o).

The potential functions ¢§ and ®y are.

given in part I. Their values at the cir-—
cular surface are obtained for n = 0. The
corresponding 1ift and moment coefficients

are indicated with kp, mp, kp, mp, and so
forth.

TABLES AND DIAGRAMS

Tablee 1 to 6 give the values of coefficients K6 n divided in real

’

and imaginary part, resulting from the compensation calculation in connec—

tion with the flow-off condition.

w

sginary part of the pressure at

= 0.

The framed-in values are equal to

The imeginary part K% n is zero for
>

i (Xan) = [45a].
w—>0 [ dw w0

The real and imaginary part of the 1ift and moment coefficlents are
also given for the different oscillation modes; the graphical represents-
tions show these in complex representation in the Gaussian plane of num-
bers.

Figures 11 to 20 show in perspective representation the real and im-

gure 2 V2 and for the amplitudes

tively. The values are plotted for the wing sections

circular airfoil.

2

0, 1.0, 1.8 referred to dynemic pres—

an’ §-= 1, and so forth, respec—
c
J

c

0.383; = sin f = 0.707; sin %? = 0.924 of the right and left half of the

Incidentally, it should be noted that the pressure dis-

tribution at the trailing edge of the airfoil was extrapolated with respect
to zero, which does not follow mathematically because of the finite number
of the series terms (cf. Kinner, reference 1).



NACA T™ No. 1098 ’ _ 31

Figures 21 to 24 give the cumparison of‘the presented calculations'

with the values frcm the strip theory and from-Possiols theory. {reference
6). By the strip theory each wing section is computed according to the
two—dimeneional theory without regerd to the mutual interference of the

sections and in particulaer to the finite span. According to it the sta-

de
tionary value is 2 2r = §.28; according to Possio, who obtalns the
do ‘ :
de, 20 ,
formulas of the 1ifting line flor o =0, it is mrpialbwrs = 2,4k, The
c,

premises for his calculation were: great aspect ratic A and small o
values. According to circular airfoil theory (reference 1) the stationary

& = 1-820
da

value ig

Translation by J. Vanier,
Naticnal Advisory Committee
for Aeronautics.
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' Table I. Flapping oscillation: 5= 4.
Coefficients Ki.=Ki.+iK...

@ .0 02 04 0.6 08 10 | 12 14 1,6 18 2,0
Ko 03531 03456| 03251 0,2006| 0,2413| 01786 0,1056| 0,0276 | —0,0484 | —0,1139 | —0,1576
K,, |—0,5489|—0,5357 | —0,4088 | —0,4387 | —0,3487 | —0,2373|—0,1086| 0,0281| 0,1613| 02789 0,3685
K, 02246 0,2155| 0,1801| 0,1450( '0,0837] 0,0086 | —0,0753 | —0,1608 | — 0,2412 | —0,3116 | — 0,3751
K, 00042 00090| 00234 00466| 00766 0,1088| 01416 0,1668| 0,1806| 0,1797| 0,1640
K,, |[—00475|—0,0493 | —0,0547 | —0,0624 | —0,0699 | — 0,0743 | —0,0720 | —0,0580 | —0,0308| 0,0183| 0,1020
5. S. 288
K,o J—02484]—0,0522 | —0,1083 | —0,1645 | —0,2154 | — 0,2553 | — 0,2787 | — 0,2813 | — 0,2604 | — 0,2151 | — 0,1462
K, 044651 00831 0,1913| 02879 0,3737| 04387 04739 04725 04314 0,3506| 0,2330
K., |—03052]—0,0622|—0,1243 | —0,1813 | —0,2271 | — 0,2555 | — 0,2617 | — 0,2432 | — 0,2006 | — 0,1370 | — 0,0582
K, 0,1235§ 00241 00448 00587/ 00626/ 00539 0,0311|—0,0052 | — 0,0524 | —0,1059 | -— 0,1509
K., 0,0078] 00023| 00078 00183| 00356| 00604| 00927 0,312 0,1740| 02185 0,2607
Lift and moment coefficient (ki =ki+ iki', mi=mi+imi’)
K, ] 0,0073| 00255| 00543 0,1044| 0,1986 o,3705| 0,6608| 1,1120 1.7e41| 2,6507
%4 0 |—0,1760|—0,3311 | —0,4439 | —0,4916 | — 0,4547 | —0,3226 | —0,0884| 0,1970| 0,5222| 0,8025
m} 0 00158| 00650| 0,1466| 02538| 03724 04827 05615 05859 0,5357| 0,3956
my 0 0,0009| 0,1694] 02224| 02368] 02014 0,1108 |—0,0334 | —0,2191 | — 0,4261 | — 0,6255
Table II. Relaxation oscillation: zB=—§-z-e‘"’-
Coefficients g, ,=k;.+iKs.
© 0 02 04 0.6 08 10 12 14 18 18 2,0
Ky, |—02221|—02212| —02133| —0,1941| —0,1613|—0,1153|—0,0583| 00049| 00681| 01247 o0,1651
1 03872 03844| 03677 03200 02681 0,1831] 0,0797 | —0,0336 | — 0,1462 | — 0,2470 | — 0,3258
Ers |—0.2446(—0,2397 | —0,2213|—0,1861 [ —0,1338 | —0,0668| 00100 00895| 0,1646| 02282| 02824
KL, 00888 0,0820) 0,0648| 00351 (— 0,0041 | — 0,0400 | — 0,0845 | — 0,1345 | — 0,1636 | — 0,1767 | — 0,1729
kg, 00060 00117| 00252| 00453 00604/ 00837 0,1138| 0,1251| 0,1228] 0,1013| 0,0409
s S. 286
Keo 0,1259F 00302 00686| 01113 01526, 0,865 02074 02107 0,1934] 0,1543| 0,0927
K, |—90,2630§—0,0608 | —0,1330| —0,2100 | — 0,2844 | —0,3433 | — 0,3780 | — 0,3814 | — 0,3499 | — 0,2839 | — 0,1857
Ki, 02597] 00540| 01132/ 0,1698| 02181| 02515 02648 02550 02224 0,1724] 0,1124
Ky §—0,1934§—0,0382 [ —0,0730 | —0,1006 | —0,1171 | —0,1191 | — 0,1045 | — 00734 | —0,0283 | 0,0256| 0,0819
Ki . 0,0887] 00165| 0,0286| 003323 0,0280] 0,0111|—0,0179 | — 0,0585 | — 0,1092 | — 0,1683 | — 0,2354
Lift and moment coefficients
k; 08992| 08600 0,7813| 06264| 04073 0,1381 | —0,1537 | —0,4304 | —0,6484 | — 0,7617 | — 0,7160
ky ] 01314 0,2584| 04020 05904 08517 12085/ 1,6720! 22380 2,8880| 3,5835
my; | —04659 ) —0,4524 | — 04114 | —0,3398 | —0,2397 | —0,1203| 00015| 0,1043| 01640 01592 0,0708
my’ 0 01225 0,2456| (30564| 04386| 04760] 04563 03745 02339 0,0460—0,1710
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Table III. Flexural oscillation 2: wi_Fl(é Yt
_......_ . _ Coefficients Ki. "’_’+sx’,‘.‘.’.

0 02 | 04 0,6 08 10 | 12 | 14 | 186 |18 |- 20

K3 01123| 01077 00037 00701 00872 |—0,0034 | —0,0487 | — 0,049 | —0,1378 | —0,1757 | — 0,2080
K3 | —02620| —02631 | —0,2266|—0,1823 | —0,1212 |—O0,0471| 00338 0,1133| 0,1825| 02349 02655
K3 0303¢| 02044 02083 02257 6,1685| 0,1015 0,0311—0,0341 | —0,0850 | — 0,121 | —0,1035

‘K3 | —0,2465 | — 0,2389 | — 0,2075)| — 0,1602 | — 0,0082 | — 0,0256 0,0516 0,1269 0,1936 0,2456 02764

K3 011441 01057 007767 00322 | —0,0271 | —0,0078 | — 0,1759 | — 0,2588 | — 0,3420| — 0,4298 | —0,5243
5.8.286 o ‘ ‘ o ‘

K39 1 —0,1580 ] —0,0323 | —0,0646 | — 0,0045 | —0,1185 | — 0,1334 | — 0,1385 | — 0,1268,| — 0,1030 | — 0,0878 | — 0,0217

K39 03109] 00648! 0,286, 0,1863| 02313] 02576 02602 02369] 0,1884] 0,1202| 00402

K39 |—0,3360 | -— 00870 | — 0,1305 | — 0,1851 | — 0,2253 | — 0,2456 | — 0,2425 | — 0,2147 | — 0,1634 | — 0,0879 | — 0,0323

K% 03433] 00678| 01304| 0,1826] 02197|  02374| 02334| o02089| 0,1502] 0,0056| 00229

K22 §_—0.2817]— 0.0556.| — 0,1086 | — 0,1489 | — 0,1784 | — 0,1950 | — 0,1844 | — 0,1768 | — 0,1430 | — 0,0909 | — 0,0137

Bending oscillation 1: Wi=Dy(2*+y*) et

For the coefficientsXAj,the relation (c.f (1-8): Kb,=—35 Ksn
is applicable.

Table IV. Flexural oscillation:sz, =2 s ¢
Lift and moment coefficients

o | 0 | o2 04 0,6 0,8 1,0 1,2 14 L6 1.8 2,0

k, |—00436|—09531|—1,0005|—1,0000|—1.2619|—1,4430|— 178503 | — 1,8350 | — 1,0508 | — 1,9824 | — 1,8568
Ky 0 00201| 00070 o02012] 03340 04840 06363 07727 o08720] 00129 08661
mp | —04382]| —04268|—03828 | —02002| —0,1770| —0,0248| 0.1414] 03002| 04289] 05071 05188
my 0 00202| 00464 00660 00808 0,0136|—0,0878 | —0,2401 | —0,4675 | — 0,7312 | — 1,0239

Bending oscillation: z,—ﬁ y2-eivl.
Lift and moment coefficients

‘& 0 0.2 04 0.6 08 10 | 12 14 1.6 8 | 20

X, 0 00023| 00079| 00188| 00207 00438 00718| 01185 0,1928] 03042] 04603
Ky 0 |—00441!—00849|—0,1194|— 0,487} —0,1539 | —0,1472 | — 0,1230| — 0,0841 | —0,0407 | — 0,0163
my 0 00023| 00100 00238| 0027| o0888] o00002] omn21| o1271| o129 01137
my 0 00189 00350| 0040¢| 00670] 00565 00461| 0,0248 | —0,0070 | — 0,0463 | —0,0883

KK

B
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Table V. Roll oscillation: z,-,=£-y-e"".
e
Coefficients. K,.,=Z%;.+ikKi.
o 0 02 04 06 08 1,0 12 14 18 1,8 2,0
- 0.225¢| 02177 01965 0,1625! 0,1197| -00734| 0,0300 | —0,0045 | —0,0256 | — 0,0324 | — 0,0254
K,, |—02448]—02351| —0,2074|——0,1638| —0,1000 | —0,0497] 0,0067| 005627 00828 00940 0,0889
Ky, 0,1050| 0,0987| 00798 00508 0,0148 | —0,0249 | — 0,0631 | — 0,0860 | — D,1201 | — 0,1325 | — 0,1324
K, 00001| 00u21{ 00086 00182 00300] 00430| 00561 00683| 00737] 0085¢| 0,0877
; 5. S. 286
Ky, l—o1876]—0,0368 | —0,0702 | —0,0062 | —0,1109 | —0,1118 | — 0,0981 | —0,0721 | — 0,0390 | —0,0020| 0,0204
Ky, .1 o2503] 00509| 00968 01322 0,1525| 0,1545| 0,0374]| 0,1039| 00594| 0,0094 | — 0,0383
K, |—o0.1965]—00387|—00730 | — 0,0093 | — 0,1146 | —0,1170 | — 0,1063 | — 0,0837 | — 0,0516 | — 0,0136 |  0,0263
K, 00793 00157 00292| 00396, 00457 00471 00440 00364| 00243] 0,0080. — 0,0081
Rolling moment coefficient m,=m; +imy.
m, 0 |—0,0004 | —0,0022 | — 0,0081 | —0,0222 | — 0,0499 | — 0,0963 | — 0,1647 | — 0,2544 | — 0,3638 | — 0,4850
m'’ (i} 00246 00445 00552| 00542| 00416| 0,0204 | —0,0036 | — 0,0231 | — 0,0330 | — 0,0287
Table VI. Torsional oscillation: zz=-€--z-y-e"‘-
Coefficients X}, =R+ KX
@ 0 0,2 0.4 06 0.8 1,0 L2 | 14 1,6 1.8 20
K39 | —0,2431 | —0,2328 | —0,2059 | —0,1623| —0,1068 | —0,0467| 00003 00526| 00758| 00766 0,0553
K3 03301 03148| 02721 02045| 01190 0,0258 | — 0,0629 | —0,1356 | —0,1821 | —0,1973 | — 0,1805
K3 |—02430|—0,2301 | —0,1911 | —0,1310| — 0,056 | 00270{ 0,1080| 0,785 02312| 0,2598| 02622
KL 00943 00884 00691| 00402| 0,0042 | —0,0355 | — 0,0754 | —0,1120 | — 0,1425 | —0,1631 | — 0,1720
s. S. 286 8
K39 02344] o00458; 00873 01187 01346| 01314 01083 00650| 0,0120 | —0,0456 | — 0,0968
K39 | —o04101 | —0,0804 | —0,1528 | —0,2084 | —0,2396 | — 0,2410 | — 0,2101 | —0,1526 | —0,0747 |  0,0132| 0,079
K30 04145] 00817 01545) 02114] 02460| 02542| 02354 01913 01267 | 0,0500| —0,0313
, 8
k39 | —o.2220]— 00439 | —0,0828 | —0,1135 | —0,1333 | —0,1403 | — 0,1352 | — 0,1171 | —0,0881 | —0,0519 | — 0,0100
Rolling moment coefficient ,, —m,+imy.
my 0,276 0,1211| 0,1033| 00759 00434 00118 —0,0119|—0,0232}—0,0188| 0,0002| 0,0204
my 0 00139| 00322| 00593] 00990| 01525 02186] 02027/ 03676| 04370 04944
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